We investigate a one-dimensional model that shows several properties of water. The model combines the long-range attraction of the van der Waals model with the nearest-neighbor interaction potential by Ben-Naim, which is a step potential that includes a hard core and a potential well. Starting from the analytical expression for the partition function, we determine numerically the Gibbs energy and other thermodynamic quantities. The model shows two phase transitions, which can be interpreted as the liquid-gas transition and a transition between a high-density and a low-density liquid. At zero temperature, the lowdensity liquid goes into the crystalline phase. Furthermore, we find several anomalies that are considered characteristic for water. We explore a wide range of pressure and temperature values and the dependence of the results on the depth and width of the potential well.
I. INTRODUCTION
Due to its omnipresence on earth and its importance for life, understanding the behavior of water and water mixtures is of utmost importance. Although the anomalous properties of water have been subject to investigation for a long time, the reasons and underlying principles leading to the outstanding characteristics of water are not yet completely understood 1, 2 . Recent effort has focused on the properties at low temperatures and high pressures, where many different ice phases were found, and where a liquid-liquid phase transition between a highdensity phase and a low-density phase was posa) lotta@fkp.tu-darmstadt.de tulated 20 years ago 3 . Despite the fact that the idea of characterizing liquid water by a highdensity and a low-density liquid is old and has often been discussed 4 , this so-called LDL-HDL transition, which implies that water has a second critical point, is still controversial. Several alternative scenarios have been suggested, all of which can be described within a simple cooperative hydrogen-bond model by varying the model parameters 5 . Nevertheless, a LDL-HDL transition is a generic scenario for coresoftened potentials [6] [7] [8] , and the experimentally observed dynamical crossover between fragile and strong behavior in supercooled water can be interpreted as a signature of the Widom line 9 .
Theoretical studies of water range from be- few parameters. These models were able to reproduce many properties of water 11 .
However, critical voices 12 argue that computer simulations of water do not follow the basic guidelines of theoretical investigations.
Though promising in many respects, the systems consist of hundreds to thousands particles interacting via semi-empirical interaction potentials, for which the interpretation and iden- 24 , which occur also in the twodimensional version 25 . A model with two wells, which was first published in 1992 26 , was argued to provide an explanation for the density anomaly 27 . The simplest one-dimensional model that produces water anomalies was introduced by Bell 28 and re-discovered by BenNaim 29 . It contains a step potential with a single well and shows among other properties a density anomaly and a minimum in the isothermal compressibility. A drawback of such onedimensional models with short-range interactions is, however, that they cannot show a phase transition at temperatures larger than zero 30 .
Several general reviews about simple and simplified water models have been written 2, 31 , and a very good introduction into water models can be found in the book by Ben-Naim 32 .
In addition to these newer models for wa- 37 .
In this article, we will study a one- 
II. MODEL
Our model is a combination of the onedimensional model by Ben-Naim and the van der Waals model. We first describe these two ingredients of the model separately before we present the combined model.
A. Ben-Naim model
The Ben-Naim model was first analyzed by Bell in 1969 28 and discussed later with respect to water by Ben-Naim 29 . This model describes a one-dimensional system of N particles interacting via a short-range potential. The potential sketched in figure 1 consists of a hard-core repulsion (corresponding to the excluded volume of a particle) and a minimum that mimics the effect of hydrogen bonding. The corresponding partition function can be calculated analytically, leading to the specific Gibbs energy
and to the specific volume
with β = 
B. Van der Waals model
The van der Waals gas is described by the thermal equation of state 
C. The combined Ben-Naim-van der

Waals model
We now combine the two ingredients and investigate the resulting model, which we call the Ben-Naim-van der Waals model. Below, we will use the index BNJ for this model, because Jagla first introduced a van der Waals term into a water model. The short-range interaction potential has the same form as the potential used by Ben-Naim (see figure 1 ). Additionally, we introduce a long-range interaction analogously to the van der Waals model via the substitution
2 ) in the above expression for the specific volume of the Ben-Naim model 15, 40, 41 .
The reduction of pressure by a/v 2 follows directly from a decrease of the internal energy by a/v due to the long-range attraction. We therefore obtain
A more detailed derivation of expression (6) is given in Appendix B in the publication by
Truskett and Dill 42 . The implicit equation for the specific volume can be solved numerically.
We use again the reduced variables (p,T ,ṽ) and introduce further the dimensionless variables This model has now three remaining free parametersǫ,σ 2 andδ. Note that since the hard core distance is b = σ 1 , we haveσ 1 = 1/3, and this parameter has thus been eliminated. From now on, we will omit the tilde, and we will set
which is equivalent to using dimensionless variables as defined above. This choice is not possible for the pure Ben-Naim model, where other (arbitrary) units are used.
The expression for the specific volume v(T, p)
can be evaluated numerically in order to obtain a density profile. Whereever there is more than one solution for v, one must determine the solution that minimizes the Gibbs energy in order to obtain a phase diagram. We also evaluated the isothermal compressibility and the isobaric heat capacity
The first can be extracted from v(T, p), and the second follows from equation (6) . Additionally, the probability density of the distance between nearest neighbours can be calculated. It is identical to the weight occuring in the expression for the partition function and is given by
where α is a normalization constant ensuring
III. RESULTS
If not noted otherwise, the parameters of the We end this section by discussing in more detail the LDL-HDL transition of our model. The slope of the LDL-HDL phase transition should have a negative sign for water, since the lowdensity phase is associated with a higher degree of order, while the high-density phase is less ordered. This is different from most other materials and is rather difficult to obtain in a simplified model, because in two or more dimensions a larger average particle distance corresponds to more available states. This is not true, however, for our one-dimensional model. The slope of the phase transition can easily be changed in this model by adjusting the width of the well, δ, as is shown in Figure 6 . The slope of the phase transition is negative for sufficiently small δ.
B. Anomalies
The combination of a hard core and a potential well at a larger distance leads to various anomalies similar to those of water, as was shown by Ben-Naim. The number of anomalies of water is large, see for example http://www.btinternet.com/˜martin.chaplin/anmlies
and not all of them can occur in a simple model.
In the following, we investigate three different anomalies in our model, which are also present in the original Ben-Naim Model. We choose again ǫ = −3.0, since for this value both phase transitions are well visible.
The density anomaly is shown in figure 7 . The specific volume has a region of negative slope and a local minimum, where density is maximum. The region of negative slope, where the thermal expansion coefficient
is negative, becomes broader with increasing p, 49 .
The relation between the dimension of the model, anomalies, phase transitions and the interaction potential is discussed by Buldyrev et al. 50 . In this article, a double-step-potential is investigated in one, two and three dimensions and also the difference between two-and threedimensional models is discussed. The authors find in their model systems that liquid anomalies and a liquid-liquid phase transition may occur independently and that a density anomaly in a low density phase is not seen when the LDL-HDL phase transition line has a positive slope. We can not confirm these effects as general trends, as we observe the density maximum only when a LDL-HDL transition is present and it occurs in the LDL phase. However, we agree about the shape of the temperature of maximum density T ρ (p) and about the fact that this function has a maximum.
Models in more than one dimension do not require a long-range attraction in order to show phase transitions. Therefore, most higherdimensional models have only short-range potentials, but all of them require two different length scales. Indeed, it has been discussed by various authors that a two-length-scale potential is a necessary ingredient in order to obtain thermodynamic anomalies similar to water 51 and there is evidence that the hierarchy of anomalies is determined by the relation between the two length scales 52 . The exact form of the twolength-scale potential seems not to be important for the occurrence of anomalies, since they occur also in a model with a repulsive step 51 instead of an attractive well as in the present manuscript. In any case, the interaction potential has to be such that a higher density is correlated with a higher energy and a lower density with a lower energy, and our work confirms that this correlation is necessary for the presence of anomalies. However, water is a complex liquid and there is some evidence that simple principles for the interaction potential may not be the whole story. Errington et al. 53 and later Yan et al. 54 suggested that the occurrence of anomalies can be related to and predicted by the excess entropy, implying that this quantity may be more relevant for the occurrence of anomalies than the shape of the interaction potential. It has to be noted, however, that some assumptions of Errington's work do not hold in anomalous regions 55 . Another recent article on this topic states that a two-length-scale potential may not fully account for anomalies, but that energetic and entropic effects may be relevant as well 56 .
As 
